We construct several examples of compactification of Type IIB theory on orientifolds and discuss their duals. In six dimensions we obtain models with N = 1 supersymmetry, multiple tensor multiplets, and different gauge groups. In nine dimensions we obtain a model that is dual to M-theory compactified on a Klein bottle.
Introduction
In this paper we discuss string compactifications on orientifolds to six and higher dimensions. Orientifolds are a generalization of orbifolds [1, 2, 3, 4] in which the orbifold symmetry includes orientation reversal on the worldsheet (for a review see [5] and references therein). Orientifolding allows one to construct new perturbative vacua that cannot be obtained by usual Calabi-Yau compactification of string theory. One can thus explore different regions in the moduli space of string vacua that were previously not accessible.
In six dimensions we focus on orientifolds of Type IIB theory compactified on a K3
orbifold to obtain six dimensional theories with N = 1 spacetime supersymmetry. It has recently become clear that the dynamics of D = 6, N = 1 string theories is quite rich and offers many surprises. There are points in the moduli spaces of these theories where tensionless strings appear which makes it possible to have non-trivial dynamics in the infra-red [6, 7] . In particular, there can be phase transitions in which the number of tensor multiplets can change. It is therefore quite interesting to analyze different branches of the tensor-multiplet moduli space. Usual Calabi-Yau compactifications can give only one tensor multiplet. In [8] an orientifold was constructed that has nine tensor multiplets. In this paper we discuss some generalizations that give models with five, seven, nine, or ten tensor multiplets with different gauge groups. Models with multiple tensor-multiplets can also be obtained by compactifications of M-theory [6, 9, 10] , or of F-theory [11, 12] . The orientifolds that we construct allow one to study the duals of some of these compactifications as perturbative string theories.
In nine dimensions we consider an orientifold of Type IIB theory compactified on a circle to obtain the dual of M-theory compactified on a Klein bottle. It is interesting to note that the compactification of M-theory on a circle gives the Type IIA theory, on an interval the E 8 × E 8 heterotic string [13] , on a Möbius strip a CHL string [14, 15] , and on a torus the Type II string [16] . Thus, compactification on a Klein bottle completes this list of Ricci-flat compactifications to nine and ten dimensions. We also discuss some issues regarding the compactification of Type I theory on a torus. This paper is organized as follows. In section two we first discuss some generalities about orientifolds. In section three we discuss orientifolds of toroidal compactifications. In section four we discuss orientifolds of Type IIB theory compactified on K3 orbifolds. The calculation of tadpoles and the relevant partition sums are summarized in the Appendix.
Some Generalities about Orientifolds
In general our starting point will be some Z N orbifold of toroidally compactified Type IIB theory. We can then take the orientifold projection (1 + Ωβ)/2, where Ω is the orientation reversal on the worldsheet and β is some Z 2 involution of the orbifold. If the orbifold group Z N is generated by the element α, then the total projection we would like to perform is given by (
2 ) in both the twisted and the untwisted sectors of the orbifold. The orientifold group G can be written as
The closed string sector of the orientifold is obtained by projecting the spectrum of 
for some unitary matrix γ g corresponding to g. Similarly, an element of ΩG 2 acts as Ωh :
2)
The relevant partition sums for the Klein bottle, the Möbius strip, and the cylinder are respectively
Here F is the worldsheet fermion number, and as usual Many of the details of the tadpole calculation are similar to those discussed in [5, 8, 17] and will not be repeated here. We give a collection of relevant partition sums and their factorized forms in the tree channel in the Appendix.
3. Orientifolds of Toroidally Compactified Type IIB theory.
An Example in Nine Dimensions
Consider Type IIB theory compactified say in the X 9 direction on a circle S 9 of radius r 9 . We can take an orientifold with the group {1, SΩ} where S is a half-shift along the circle, X 9 → X 9 + πr 9 . The closed-string sector of this theory is obtained by projecting onto states that are invariant under SΩ. The massless bosonic spectrum of Type IIB theory in ten dimensions consists of the metric g M N , the dilaton φ 1 , and a two-form B where t is the loop-channel parameter. To see the tadpoles in the tree channel we use Poisson resummation formula and take the limit t → 0 corresponding to long, thin tubes; it is easy to see that in this limit the amplitude vanishes, and there is no tadpole. Therefore, to obtain a consistent orientifold there is no need to add any branes.
To see what this theory is dual to, we compactify further on a circle S 8 of radius r 8 in the direction X 8 . The Type IIB theory is T-dual to Type IIA under r 8 → 1/r 8 , and moreover the operation Ω in IIB is dual to R 8 Ω in IIA where R 8 is the reflection
. Now Type IIA theory is M-theory compactified on a circle S 10 in the X 10 direction. The operation R 8 Ω corresponds, in M-theory, to taking X 8 → −X 8 , at the same time flipping the sign of the three-form potential C M NP of the eleven dimensional supergravity. In M-theory we can interchange the two circles S 8 and S 10 . Therefore, the combined operation SΩ in Type IIB theory correponds, in M-theory, to X 10 → −X 10 , X 9 → X 9 + πr 9 which is nothing but the Z 2 transformation that turns the torus T 9,10 into a Klein bottle. Notice that this is not a purely geometric operation in M-theory but is accompanied by a simultaneous change of sign of the three-form potential. Under the interchange of the two circles S 10 and S 8 , the symmetry R 8 Ω in Type IIA theory is conjugate to the symmetry (−1) F L , where F L is the spacetime fermion number coming from the left-movers [18] . All R-R fields are odd under this symmetry and all NS-NS fields are even. Thus, the strong coupling limit of the orbifold of Type-IIA theory under the combined operation (−1) F L and X 9 → X 9 + πr 9 is given by M-theory compactified on a Klein bottle.
It is amusing that we have an example of a compactification on a non-orientable surface. Another example is M-theory on a Möbius strip which is dual to a CHL compactification [14, 15] . Recall that the E 8 × E 8 string is dual to M-theory on an interval in the tenth direction: the two E 8 factors live at the two endpoints of the interval [13] .
Compactifying further on a circle, we obtain M-theory on a cylinder. The CHL string is obtained as a Z 2 orbifold of the heterotic string in nine dimensions. The orbifold symmetry corresponds to an interchange of the two E 8 factors accompanied by a half shift on the circle. The combined operation is again X 10 → −X 10 , X 9 → X 9 + πr 9 which turns the cylinder into a Möbius strip [19] .
Type I Theory in Eight Dimensions
Type I theory compactified in the 8 and 9 directions to eight dimensions can be viewed as an orientifold of the Type IIB theory on the torus T 89 . It is straightforward to find the massless spectrum, but there is one subtlety in taking the T-dual of this theory which is worth mentioning.
Let us T-dualize first in the X 9 direction. T-duality is a one sided parity transform [5] which means that in the RNS formulation of the superstring, only the left-moving coordinateX 9 and its fermionic partnerΨ 9 change sign. Thus, T-duality takes Type IIB theory to Type IIA theory, and takes Ω to R 9 Ω, where R 9 is the reflection in the X 9 direction. If we dualize again in the X 8 direction, we would get Type IIB theory back; Ω goes to R 89 Ω, where R 89 reflects both X 8 and X 9 . This identification leads to the following puzzle for the orientifold with the group {1, R 89 Ω}. Under Ω the four-form field A M NP Q is odd, therefore the modes like A M NP 9 and A M NP 8 which are 3-forms in eight dimensions would be even under the combined operation R 89 Ω and would survive the projection. But N = 1 supersymmetry in D = 8 uniquely determines the massless field content and does not allow a three-form potential. Therefore, supersymmetry is broken by this projection.
On the other hand, the orientifold with the group {1, R 89 Ω} is T-dual to the one with the group {1, Ω}, and we cannot break supersymmetry by a T-duality transformation. We should really have obtained the T-dual of Type I strings in eight dimensions. The reason for this discrepancy is that Type IIB theory has an additional symmetry (−1)
which all R-R fields are odd. The correct projection that gives the T-dual of Type I theory involves the combined operation
It is easy to see this ambiguity on the worldsheet. In the Ramond sector, the zero modesΨ M correspond to the Γ M matrices of the spacetime Clifford algebra. Under the T-duality transformationΨ 9 → −Ψ 9 , the spinors transform as
where S andS are the right-moving and left-moving spacetime spinors respectively, and Γ as usual is the matrix that anticommutes with all Γ M matrices and squares to one. If we Tdualize further in the X 8 direction then S goes to itself, andS goes to Γ 8 ΓΓ 9 ΓS = Γ 9 Γ 8S .
Let us now see how the massless fields from the Ramond-Ramond sector transform. The vertex operator for an n-form field strength
It is easy to see that the effect of T-duality on the R-R field strengths H M 1 ...M n and the corresponding potentials is to remove the 8, 9
indices if they are present and add them if they are not. For example, the vertex operator
. Under T-duality, it would map ontoSΓ MS which is the vertex operator for the field strength of a scalar. Thus, B 4. Orientifolds of Type IIB theory on K3
General Remarks
Let us review some relevant facts about the K3 surfaces which can be represented as Z N orbifolds of the 4-torus T 4 [20] . Let (z 1 , z 2 ) be the complex co-ordinates on the torus, and consider the Z N transformation generated by
The Z N group must be a subgroup of SU (2) to obtain unbroken supersymmetry in six dimensions. The torus T 4 is obtained by identifying a lattice Λ of points in R 4 , so the orbifold group must leave the lattice invariant to have a sensible action on the torus. This crystallographic condition allows only four possibilities: the groups Z 2 and Z 4 when Λ is the square (SU (2) 4 ) lattice given by the identifications
and Z 6 when Λ is the hexagonal (SU (3) 2 ) lattice given by the identifications
At a fixed point of a Z k symmetry there is a curvature singularity. A smooth K3 can be obtained by blowing up the singularity by replacing a ball around the fixed point by an appropriate smooth non-compact Ricci-flat surfaces E k whose boundary at infinity is S 3 /Z k .
In this section we consider two classes of orientifold projections (1 + Ωβ)/2 of Type IIB theory on these orbifolds. In the first class of models we take β to be identity, whereas in the second class we take β to be a specific Z 2 involution S of K3 that has 8 fixed points.
We shall give an explicit description of this involution in the following subsections.
One immediate question is whether the projection leaves any supersymmetries unbroken. In the case of Ω the combination Q α + ΩQ α of the left-moving and right-moving supercharges will be invariant; supersymmetry will be broken by half, giving us N = 1 supersymmetry starting from N = 2. When we combine Ω with S, we do not want to break the supersymmetry further, so S should leave all N = 2 supersymmetries invariant. This is possible if the rotational part of the symmetry S is a subgroup of SU (2), or equivalently if it leaves the holomorphic 2-form invariant. It is useful to consider the example of Z 2 orbifold. In this case we have α : (z 1 , z 2 ) → (−z 1 , −z 2 ) which generates a discrete subgroup of the SU (2) holonomy group of a smooth K3, and therefore leaves two supercharges invariant giving us N = 2 supersymmetry. The symmetry S is given by
2 ) which is a combination of a shift and a rotation [8] . The shift has no effect on the supercharges; the rotation is again a subgroup of the holonomy group SU (2) and therefore does not break any supersymmetries by itself. Thus the combined operation SΩ gives N = 1 supersymmetry as required. Now, the Z 2 orbifold admits other involutions; for example, the Enriques involution E : (z 1 , z 2 ) → (−z 1 + To determine the massless modes we need to know the Dolbeault cohomology [21] , and how the symmetry Ωβ acts on the cohomology. For a smooth K3, the nonzero Hodge It is useful to think in terms of Type I theory compactified on a smooth K3. In this case, the orientation reversal symmetry in ten dimensions, which we shall call Ω 0 has the effect of flipping the sign of A M NP Q , φ 2 , and B where n c H refers to the number of hypermultiplets arising from the closed string sector, and n T + 1 is the total number of tensor multiplets. Moreover, no vector multiplets arise from the closed string sector because there are no harmonic odd forms on K3, so starting with even forms and the metric in ten dimensions, one cannot obtain a one-form vector potential. We can thus read off the closed string spectrum immediately from the geometric data of the orientifold.
In the orbifold limit, the orientifold symmetry Ω, for the purposes of counting of states, is really a combination of Ω 0 T where T is some geometric symmetry that has nontrivial action on the cohomology. This is because at each fixed point, Ω takes the sector twisted by ρ to the one twisted by ρ −1 . If we repair the singularity at the fixed point of a Z k symmetry by the smooth surfaces E k then the (k − 1) (1, 1)-forms coming from E k correspond to the (k − 1) twisted sectors. If we think of the orbifold as a limit of a smooth K 3 , then except in the case when α is a Z 2 twist, we get a nontrivial action on the cohomology denoted by T . This information is sufficient to work out the spectrum of the orientifold in the closed-string sector. 
Z 2 Orbifold
For the Z 2 orbifold, the model in the first class with the projection (1 + Ω)/2 has been discussed in [17] , and the model in the second class with the projection (1 + SΩ)/2 in [8] . We would now like to consider a model that is closely related to the one in [8] . Let us recall that in [8] the symmetry S was chosen to be such that S 2 = 1. However, if we are on a Z 2 orbifold, then the symmetry can square to the element α that generates the orbifold group. We choose
Now S has 4 fixed points and not 8. However, they are also the fixed points of α which is a Z 2 symmetry. So on the orbifold, the fixed point of S should be regarded as having
Euler character 2 giving us the total Euler character of 8 in agreement with the Lefschetz number [22] .
Obviously, the spectrum consists of the closed string sector found in [8] giving us n T = 8, n H = 12 and the gravity multiplet. However, because now neither R nor the identity are elements of G 2 , there is no need to add any branes, and there is no open-string sector. One nontrivial check is that the tadpoles of the R-R fields from the twisted sector now have to cancel by themselves for the Klein bottle without any contribution from the open-string sector. It is easy to see using the formulae in the Appendix that the tadpoles from the untwisted sector cancel against those from the sector twisted by 1 2 giving us a consistent theory. Gravitational anomalies cancel completely as expected.
Z 3 Orbifold
The orbifold symmetry in this case has nine fixed points of order 3 which contribute two anti-self-dual (1, 1) forms each giving 18 in all. Out of the six 2-forms on the torus one anti-self-dual (1, 1) form and the remaining three self-dual 2-forms are invariant under α giving us 22 2-forms of the K3.
Let us first consider the projection under Ω. As explained in §4.1, at each fixed point of the orbifold Ω interchanges the sector twisted by α to that twisted by α −1 besides flipping the sign of all R-R fields. This means that of the two tensor multiplets coming from each fixed point, only one will be invariant, giving us n T = 9 from the nine fixed points, and n c H = 11 from (4.2). To determine the open-string sector we note that, by the general arguments mentioned in §4.1, there will be 32 9-branes, and we can choose γ Ω = 1 by a unitary change of basis [17] . The requirement that (Ωα) 2 = α 2 implies
Using the fact the the γ matrices are unitary, and γ Ωα = γ Ω γ α , we conclude that γ α is real. Furthermore, because γ and in 32 − 2n dimensional subspace it equals the identity matrix. This information and anomaly cancellation is enough to determine that n = 8. We can also verify this by a detailed calculation of tadpoles as discussed in the Appendix. The gauge group will then be given by SO(16) × U (8) with hypermultiplets in (1, 28) + (16, 8) . It is easy to see that the anomaly terms proportional to tr(F 4 ) and tr(R 4 ) vanish. It is not necessary for the remaining anomaly to factorize because we have more than one tensor multiplet available, and the anomalies can be canceled by the generalized Green-Schwarz mechanism as in [23, 24, 8] .
Let us now describe the action of S on the Z 3 orbifold. It is given by
S has 16 fixed points on the torus but on the orbifold they split into one singlet and five triplets of Z 3 . The Euler character of the fixed point at the origin which is a singlet under the Z 3 is 3 and that of the 5 triplets is 1 each giving 8 altogether. Now, because S is just a reflection of all co-ordinates, the orientifold with the projection (1 + SΩ)/2 is T-dual to the one described in the previous paragraphs with the projection(1 + Ω)/2. T-duality turns 9-branes into 5-branes, but the spectrum remains unchanged.
Z 4 Orbifold
The Z 4 orbifold has four fixed points of order 4. Each contributes three tensor multiplets out of which only one is invariant under the action Ω. No additional tensors arise from the six doublets of fixed points of order 2. Altogether n T = 4, and n c H = 16. In this case both 5-branes and 9-branes will be present, and we can choose
The remaining algebra is determined in terms of the matrices γ α,9 and γ α,5 . Tadpoles are canceled if Tr (γ α,9 ) = Tr (γ α,9 ) 2 = Tr (γ α,9 ) 3 = 0 and similarly for the matrices with subscript 5. This determines the γ matrices completely. Moreover γ α,9 = γ α,5 , and their eigenvalues are such that each forth root of unity appears eight times. The gauge group is U (8)×U (8)×U (8)×U (8) Let us now consider the action of the symmetry S which is given by
This form is determined by the requirement that S has to preserve the orbifold symmetries;
in particular, it should map a fixed point of a given order to a fixed point of the same order. It is easy to check that eight (1, 1) forms are odd under S. (8, 8) . This is exactly the spectrum of the model considered in [8] for the Z 2 orbifold. If we place 16 branes at the fixed point of α, and 16 at its image under S, then the gauge group is U (4) × U (4) × U (4) × U (4) with hypermultiplets in (4, 4, 1, 1) + (4, 1, 4, 1) + (1, 4, 1, 4) + (1, 1, 4, 4) .
Z 6 Orbifold
In this case, we get two tensors from the fixed points of order 6 and one each from the four fixed points of order 3 giving us n T = 6 and n (4, 1, 1, 4, 1, 1) + (1, 4, 1, 1, 4, 1) + (1, 1, 8, 1, 1, 8 ). and from the sector twisted by 1 2 at each fixed point that is left invariant by α k , we get (A.12)
The Klein bottle contributes −64 from each sector twisted by 1 2 for each fixed point that is left invariant by α k .
